
Machine Learning Course 2024 Spring: Homework 1

March 1, 2024

1 Problem 1

1. Solution:

The original optimization problem can be rewritten as

min
β

J(β) =
1

2
||Xβ − y||22 +

λ

2
||β||22,

where

X =


xT
1 1

xT
2 1
...

...

xT
m 1

 ∈ Rm×(d+1),y =


y1

y2
...

ym

 ∈ Rm,β =

w

b

 ∈ Rd+1.

2. The optimal solution β∗ = (w∗, b∗) for ridge regression is unique.

Proof:

J(β) =
1

2
(Xβ − y)T(Xβ − y) +

λ

2
βTβ.

The first-order derivative of J(β) w.r.t β is

∂J(β)

∂β
= XT(Xβ − y) + λβ.

The second-order derivative of J(β) w.r.t β (Hessian matrix) is

∂2J(β)

∂β∂βT
= XTX+ λI,
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where I ∈ R(d+1)×(d+1) is an identity matrix. Since the Hessian matrix is positive definite

(XTX + λI ≻ 0), the objective function J(β) is strictly convex w.r.t. β. Thus, the

optimal parameter β∗ is unique.

3. Solution:

X =



2 1 3 1

3 5 2 1

5 3 6 1

1 7 2 1

4 2 5 1

6 1 4 1


,y =



0

−3

0

−3

0

3


.

Let ∂J(β)
∂β

= 0d+1:

XT(Xβ − y) + λβ = 0d+1,

(XTX+ λI)β = XTy.

Since XTX+ λI is positive definite and invertible for λ = 0.1,

β∗ = (XTX+ λI)−1XTy

=


0.539

−0.599

−0.101

−0.114

 .

4. Proof:

yi follows a Gaussian distribution with the mean θTxi and standard deviation σ:

p(yi | xi;θ) =
1√
2πσ

exp

[
−(yi − θTxi)

2

2σ2

]
(1)
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Then we have:

θ∗ = argmax
θ

p(θ|y)

= argmax
θ

ln p(θ|y)

= argmax
θ

ln p(y|θ) + ln p(θ)

= argmax
θ

−
∑m

i=1(yi − θTxi)
2

2σ2
−
∑d

j=1 θ
2
i

2τ 2

= argmin
θ

∑m
i=1(yi − θTxi)

2

2σ2
+

∑d
j=1 θ

2
i

2τ 2

= argmin
θ

1

2

m∑
i=1

(yi − θTxi)
2 +

σ2

2τ 2
||θ||22

(2)

Notice that λ = σ2

τ2
.

2 Problem 2

1. For the sigmoid function,

σ(z) =
1

1 + e−z

the first-order derivative of σ w.r.t z is

∇σ =
∂σ

∂z
= σ(z)(1− σ(z)),

the second-order derivative of σ w.r.t z (Hessian Matrix) is

∇2σ =
∂2σ(z)

∂z2
= σ(z)(1− σ(z))(1− 2σ(z)),

Since 0 ≤ σ(z) ≤ 1, it follows that 0 ≤ 1 − σ(z) ≤ 1 and −1 ≤ 1 − 2σ(z) ≤ 1.

Therefore, 1 − 2σ(z) can take values between -1 and 1, but it is not necessarily non-

negative. Therefore the sigmoid function is non-convex.

For the equation below

ℓ(β) =
m∑
i=1

(
−yiβ

Tx̂i + ln
(
1 + eβ

Tx̂i

))
,

the first-order derivative of σ w.r.t z is

∇ℓ =
∂ℓ

∂β
=

m∑
i=1

(
−yix̂i +

eβ
T ŵix̂i

1 + eβ
T
ŵi

)
,
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the second-order derivative of ℓ w.r.t β (Hessian Matrix) is

∇2ℓ =
∂2ℓ(β)

∂β∂βT
=

m∑
i=1

eβ
Tŵix̂ix̂

T
i(

1 + eβ
Tx̂i
)2 ,

For ∀v ∈ Rd+1 ̸= 0d+1 , we have

vT

m∑
i=1

eβ
Tŵix̂ix̂

T
i(

1 + eβ
Tx̂i
)2v =

m∑
i=1

eβ
Tω̂i(

1 + eβTŵj
)2 (x̂T

i v
)2

, ≥ 0

such that ∇2ℓ ⪰ 0, ℓ is convex.

2. Construct K-1 log odds (logit) for K-class classification:

ln p(y=1|x)
p(y=K|x) = wT

1 x+ b1,

ln p(y=2|x)
p(y=K|x) = wT

2 x+ b2,

· · ·

ln p(y=K−1|x)
p(y=K|x) = wT

K−1x+ bK−1,

such that

p(y = 1 | x) = p(y = K | x)ewT
1 x+ḃ1 ,

p(y = 2 | x) = p(y = K | x)ewT
2 x+b2 ,

· · ·

p(y = K − 1 | x) = p(y = K | x)ewT
K−1x+bK−1 .

To guarantee the sum of the probability is 1 , we have

p(y = K | x) = 1−
K−1∑
i=1

p(y = K | x)ewT
j w+bj ,

such that

p(y = K | x) = 1

1+
∑K−1

i=1 ew
T
i
x+bi

,

p(y = j | x) = e
wT

j x+bj

1+
∑K−1

i=1 ew
T
i
x+bi

(j ̸= K).

Let βj = (wj; bj) (j ̸= K),βK = (0d; 0), x̂ = (x; 1), we have

p(y = j | x) = eβ
T
j x̂∑K

i=1 e
βT
i x̂

(1 ≤ j ≤ K),
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the log-likelihood function is

ℓ(β) =
m∑
i=1

ln p (yi | xi;β)

=
m∑
i=1

ln

(
eβ

T
yi
x̂i∑K

j=1 e
βT
j x̂

)

=
m∑
i=1

(
βT

yi
x̂− ln

(
K∑
j=1

eβ
Tx̂

))

3 Problem 3

1. For classifier C1, ranking the predicted value yC1 first:

y 0 0 1 1 1 1 0 1 0 0

yC1 0.88 0.75 0.67 0.54 0.43 0.38 0.38 0.29 0.28 0.11

rank 10 9 8 7 6 5 4 3 2 1

so

AUCC1 =
3 + 3 + 3 + 2.5 + 2

5× 5
=

13.5

25
=

27

50

For classifier C2, ranking the predicted value yC2 first:

y 0 1 0 0 1 1 1 0 0 1

yC1 0.95 0.89 0.89 0.66 0.66 0.49 0.47 0.23 0.19 0.15

rank 10 9 8 7 6 5 4 3 2 1

so

AUCC2 =
3.5 + 2.5 + 2 + 2 + 0

5× 5
=

10

25
=

2

5

2. For yC1

Prediction

Positive Negative

Ground Truth
Positive 4 1

Negative 3 2

For yC2
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Prediction

Positive Negative

Ground Truth
Positive 2 3

Negative 3 2

3. F1-Score 
P = TP

TP+FP

R = TP
TP+FN

F1 = 2×P×R
P+R

For classifier C1 ,

TPC1 = 4, FPC1 = 3, FNC1 = 1, TNC1 = 2,

PC1 =
4

4+3
= 4

7
, RC1 =

4
4+1

= 4
5
,

F1C1 =
2× 4

7
× 4

5
4
7
+ 4

5

= 2
3
.

For classifier C2 ,

TPC1 = 2, FPC1 = 3, FNC1 = 3, TNC1 = 2,

PC1 =
2

2+3
= 2

5
, RC1 =

2
2+3

= 2
5
,

F1C1 =
2× 2

5
× 2

5
2
5
+ 2

5

= 2
5
.
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