Machine Learning Course 2024 Spring: Homework 1

March 1, 2024

1 Problem 1

1. Solution:

The original optimization problem can be rewritten as
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2. The optimal solution B* = (w*, b*) for ridge regression is unique.

Proof:
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The first-order derivative of J(8) w.r.t 3 is
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The second-order derivative of J(3) w.r.t B (Hessian matrix) is
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where I € REA+D>(@+1) i an identity matrix. Since the Hessian matrix is positive definite
(XTX + AI = 0), the objective function J(3) is strictly convex w.r.t. 3. Thus, the

optimal parameter 3* is unique. O

3. Solution:

21 31 0
3 5 21 -3
5 3 6 1 0
X = Y =
1 7 21 -3
4 2 51 0
6 1 4 1 3
Let 82(65) = 0d+1

X"(XB —y) + A8 = 0441,
(XX +AI)B = X"y.

Since XX + A is positive definite and invertible for A = 0.1,

B* = (XX + ) ' X"y
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4. Proof:

y; follows a Gaussian distribution with the mean 8Tx; and standard deviation o:

1 Y; — OT.’B,L' 2
p(yi | i;0) = oy P [—%}




Then we have:
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Notice that A = ‘;—2 O
Problem 2
. For the sigmoid function,
()=
o(z) = g

the first-order derivative of o w.r.t z is

do
Vo = 5 = o(z)(1—o0(2)),

the second-order derivative of o w.r.t z (Hessian Matrix) is

vio = 200 _ 00— o)1 - 2002,

Since 0 < o(z) < 1, it follows that 0 < 1 —o(z) < 1 and —1 < 1 —20(2) < 1.
Therefore, 1 — 20(z) can take values between -1 and 1, but it is not necessarily non-
negative. Therefore the sigmoid function is non-convex.

For the equation below
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the first-order derivative of o w.r.t z is



the second-order derivative of ¢ w.r.t B (Hessian Matrix) is
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such that V2¢ = 0, ¢ is convex.

2. Construct K-1 log odds (logit) for K-class classification:

In U=, — i + b,
In SRS = wie + b

In % = wp_ &+ by,

such that
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To guarantee the sum of the probability is 1 , we have
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such that
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the log-likelihood function is
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1. For classifier (', ranking the predicted value y¢, first:
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Problem 3
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For classifier C, ranking the predicted value y¢, first:
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2. For yc,

Prediction

Positive  Negative

Positive 4 1

Ground Truth
Negative 3 2

For yc,



Prediction

Positive  Negative

Positive 2 3
Ground Truth

Negative 3 2

3. F'1-Score
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For classifier C ,
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For classifier (5 ,
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