Lecture 8

Backpropagation



Backprop

e Review of gradient descent, SGD
e Computation graphs

e Backprop through chains

e Backprop through MLPs

e Backprop through DAGs

e Optimization tricks

e Differentiable programming
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Gradient descent

N
9* = argmin > L(fo(xV), y¥
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One iteration of gradient descent:
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Computation Graphs

A graph of functional transformations,
nodes ([ ]), that when strung together
perform some useful computation.

D Deep learning deals (primarily) with

computation graphs that take the form of
directed acyclic graphs (DAGs), and for
which each node is ditferentiable.
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Chains

Consider model with L layers. Layer [ has vector of
weights ¢,

Forward pass: takes input Xi;—1 and passes it
through each layer f; :

x; = fi(x;-1,0;)

An example of such a computation graph is an MLP
Loss function £ compares x to y

Overall cost is the sum of the losses over all

training examples:
N

=3 £ y?)

1=1

(output) | X,
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Gradient descent

e \We need to compute gradients of the cost with Ixp—1
Ji

.IXl—l
e By design, each layer will be differentiable with respect 1X2
to its inputs (the inputs are the data and parameters) /2
X1
fi
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Computing gradients

J
To compute the gradients, we could start by writing the full L(le,y)
energy J as a function of the model parameters. .
fr — 0L
Ixr_1
= 2Ll Sl 00), ), 02),¥) &
Ji — 0
%11
. L X3
And then evaluate each partial derivatives separately... f — 0,
0J 11 — 0,
99, |
X0 y

instead, we can use the chain rule to derive a compact algorithm: backpropagation
12






Matrix calculus

» X column vector of size [n x 1] [*1
L2

X =
:E’I’L

 \We now define a function on vector xX: y

o [f ¥y IS a scalar, then
oy _ (@ Oy ﬂ)

o0xq 0xo 0xn

Ox

- ()

The derivative of y is a row vector of size |1 x n|
* |f ¥ Is a vector [m x 1], then (Jacobian formulation):

Ova  Oyi .. Oui
o0x1 Ox9 0Ty
dy . . . .
< : . . :
0 OYm  OYym ... OYm
0x1 Oxo 0T,

The derivative of y Is a matrix of

Size [m X n)
(M rows and n columns)
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Matrix calculus

e |f y is a scalar and X is a matrix of size [n X m|, then

0y 0y 0y

3:1311 8.’1321 83372,1
oy . . . .
0 0y 0y 0y

OT1m O0Tom 0L nm

The output is a matrix of size [m x n|

Wikipedia: The three types of derivatives that have not been considered are those involving vectors-by-matrices, matrices-by-vectors,

and matrices-by-matrices. These are not as widely considered and a notation 1s not widely agreed upon.
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Matrix calculus

» Chain rule:
For the function: a(x) = f(g(x))

ts derivative Is: A/(x) = f'(g(x))g'(x)

and writing z = f(u), andu = g(x):

0z _o0z| 0w

ox |, _. - Ou u=g(a) ox|,._.
[ \ \

m xn]  [mXxp] p X n

with p = length of vector u = |u|, m = |z|, and n = |x]

Example, if |z| =1, |u| =2, x| =4

h(x)= RN - Il HHEEE
BN







Computing gradients

J
The loss J is the sum of the losses associated with each L(XI )
training example o
X,
J(0) = L:Xz Y6 JXL—l
( ) 2_: ( L, 7y ) ) .I <
=1 fi — 0
_IXl—l
'ts gradient with respect to each of the network’s ' X
0; parameters is: £, — 0,
9.J(0) _ i oL(x,y®;0) o
8(9@ pa— 5’91 ‘

Aka how much J varies when the parameter @, is varied.
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Computing gradients

J
To compute the parameter update for the last £ I
layer, we can use the chain rule: (XL, )
XL
0J 0J 0xy ]I 16
— T I X1L—1
86’L aXL 89[, 1 X
fi — 0
_1 X[—-1
»
f2 — 92
o
f1 — 01
How much the loss changes when we change 0;? x‘o y

The change is the product between how much the loss changes when we change the output of

the last layer and how much the output changes when we change the layer parameters. 19



Computing gradients

J
To compute the parameter update for the last £ I
layer, we can use the chain rule: (XL, )
X[,
0J 0J 0xy ]f 16
— T :XL—l
86’L aXL 89[, 1 X
fi — 0
_1 X[—-1
To compute the parameter update for the 1%
second-to-last layer: f2 — 0
TX1
0J 0J 8XL 8XL_1 f1 — 6,

89L_1 - 8_XL(9XL_1 BQL_l x‘o
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Computing gradients

J
To compute the parameter update for the 2nd ~ I
and 1st layers: (XL, Y)
X[,
| fL — QL
0J 0J 0x; O0X3 0% ; SLd
— . o e X
8(92 8XL 8XL_1 8X2 8(92 i fi — 6,
) %11
8J OJ  Oxp 0x30%; 0% ——
8(91 B 6XL o 8XL_1 8X2 8X1 891 [x1
Jio — 01
Blue terms are all shared! Can compute that product X0

once and share it between these two equations.
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The trick of backpropagation — reuse of computation
(aka dynamic programming)

Gradient w.r.t. loss at 0J oJ  0xg

layer L-1

= : «— L L dient
o . . %, ayer L's gradien

T

Gradient w.r.t. loss at layer L
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The trick of backpropagation — reuse ot computation

(aka dynamic programming)

X0 > fi L2oo|— ¥ Jra |- Xy L —XL—>-—>J
8]
00,
8]
00,
ﬂ_ oJ 0x; 0x3 0%y 0Xq
00,  Ox; 00Xy 1 ox, x1 004
ﬂ_ o0J 0xg “.8){3 0X>
00,  Ox; OX7_i ox, 00,
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Backprcpagation — Qoal: to update parameters of layer [

Hidden layer [

Ji+1
o7
Xl aXl ...... aJ
o0,
Ji B DA
X]—1 : 0J
- 00X
f1—1
Backward
0asSs

» Layer [ has three inputs (during training)

Xl—1
0J
ox; T
0
» And three outputs
X] = fl(XZ—l,el)
...... L _9J _9oJ _9j
5’xl_1 8xl 8xl_1
oJ 0J 9f
06, 0%, 06,

» (Given the inputs, we just need to evaluate:

f 8fl %
l 0x1_1 00, 24




Backpropagation summary

1. Forward pass: for each training example,
compute the outputs for all layers:

x; = fi(x;—1,6;)

2. Backwards pass: compute loss derivatives
iteratively from top to bottom:

0J oJ  Of

8X5_1 8Xl | 8Xl_1

3. Parameter update: Compute gradients
w.r.t. weights, and update weights:

0] _ 0J
5’91 B 8xl 891

‘C(XLa y)

o0J
f —> 06,
L —0;

oJ

. XL-1 p—

' as
2 0% 8.
fi %
— Hl

X7 oJ

| [—1 -
X2 8X2 8J
—_— ?92
2 —

oJ
> 0%, 5J
—_— ?(91
f 1 — 0,

(input) Xo




I Linear layer
Xout Eout 9.7

o W) | »ow ° Forward propagation: Xeut = f(Xin, W) = Wxi,

: W Xout W Xin
Xin E gin .
i B | With W being a
matrix of size
* Backprop to input: Pout X X
o —g 5f(Xin, W) _ g 8X0ut
- : — .-
1in out axin ou aXin

If we look at the | component of output Xqut, With respect to the | component of the input, Xia:

OX out . |
out; _ Wz] . 8f(X1n, W) — W
8Xinj 8Xin
Therefore: gin Zout W

gin — Bout ° W




I Linear layer
Xout Zout o.]

f(Xe0, W) | »a5w ° forward propagation: Xout = f(Xin, W) = Wx;,
— -~ I"™wW . Backprop to input:

Xin

g0 = Cout - W 8in Sout W
' LT T I=011T]1

Now let’s see how we use the set of outputs to compute the
weights update equation (backprop to the weights).
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I Linear layer
Xout Eout 9.7

o W) | »ow ° Forward propagation: Xeut = f(Xin, W) = Wxi,

: W .
Xin : Zin » Backprop to weights:
a‘] 8f(Xin7 W) aXout
v — Hout — Hout
oW o T oW Sout T THW
f we look at how the parameter W; changes the cost, only the i component
of the output will change, therefore: 57
OW Xin Sout
0J 0J  OXout. 0J _
) o — * Xin — -
OW,; ﬁxout OW I OX gut 7
8Xoutz — x.
oW

And now we can update the weights: | W « W* + 77( ;&)

23



Linear layer

v o .
Bin Weight updates:

WEH Wk +77(

— Xin * 8out

0J

OW

:
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Now lets look at a whole MLP: Forwara

linear

W

X

relu

h=relu(z)

linear

W, h

L, loss

30



Now lets look at a whole MLP: Backward

linear

gin=(8o W) =W 'gl

relu

linear

31



Outputs

Backpropagation (1 iteration)

Inputs
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DAGs
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Optimization

— J(0) 0" = argemin J(6)
Vo J (6)
Hg(J(9))

* What's the knowledge we have about J?

— We can evaluate J(6)

Gradient +«— Black box optimization

— We can evaluate J(f) and Vo J(0)
— We can evaluate J(8) , VgJ(0) ,and Hyp(J(0))

Hessian

«— First order optimization

«— Second order optimization

34



Which are dittferentiable?
J J J[

o 0 o
J J T /
L— M —~
0 350

0



Which will be hard to optimize?

J J J
Local minima Vanishing gradient
6 6

J | Vanishing gradient J Exploding gradient J

\




Stochastic Gradient Descent (SGD)

* WWant to minimize overall loss function J, which is sum of individual losses over each
example.

* In Stochastic gradient descent, compute gradient on sub-set (batch) of data.

* |t batchsize=1 then 0 is updated after each example.

* It batchsize=N (full set) then this is standard gradient descent.
» Gradient direction is noisy, relative to average over all examples (standard gradient descent).
» Advantages

» Faster: approximate total gradient with small sample

* Implicit regularizer

 Disadvantages

» High variance, unstable updates

37



Momentum

* A heavy ball rolling down a hill, gains speed.

» Gradient steps biased to continue in direction of previous update:

P't «— 0 — VYV f(0") — am’

» Can help or hurt. Strength of momentum is a hyperparam.

uH=0

1.00 0 0 T—— 0 T—— 1.00
0.75- 10 10 0.75
0.50+ 20 20 0.50
30 30
0.25 40 40 0.25
) 0.00. 50 50 0.00 |
—0.25 - 60 60 —0.25
—0.50- 70 70 —0.50
80 80
—0.75- 90 90 ~0.75
~1.00 75705 00 05 10 ~1.0-0.50.0 0.5 1.0  -1.0-0.50.0 0.5 1.0  —-1.0-0.50.0 0.5 1.0 ~1.00

6 6 6 6



Step-size a = 0.02
@

Why Momentum Really Works

< {h > Starting Point

Optimum

Solution

We often think of Momentum as a means of dampening oscillations

Momentum 8 = 0.99
and speeding up the iterations, leading to faster convergence. But it

O . . . .
has other interesting behavior. It allows a larger range of step-sizes
to be used, and creates its own oscillations. What is going on?

GABRIEL GOH April. 4 Citation:
UC Davis 2017 Goh, 2017

https://distill.pulb/2017/momentum/
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Differentiable programming

Deep learning Differentiable programming

Xout I gout Xout I gout PyTO rCh

Xen I o Xin I Sin TensorFlow ™

40



Differentiable programming

* Yann LeCun

Deep nets are popular for a few reasons:

v : : OK, Deep Learning has outlived its usefulness as a buzz-phrase.
1 ' EaSy tO thlmlze (dlffereﬂtlab‘e) | Deep Learning est mort. Vive Differentiable Programming!
2. Compositional “block based programming”

13 Thomas G. Dietterich

s
DL is essentially a new style of

An emerging term for general models with these it Ml —
oroperties is differentiable programming. s g

pooling, LSTM, GAN, VAE, memory
units, routing units, etc. 8/

e mie BGOSOS 8O

41



Programmed by a human

Programmed by backprop

e.g., programmed by tuning behavior to match
fraining examples

42



Backprop lets you optimize any node (function) or edge (variable) in your
computation graph w.r.t. any scalar cost

43



Backprop lets you optimize any node (function) or edge (variable) in your
computation graph w.r.t. any scalar cost

|

/ o How the loss changes when the weights of that
O function (yellow) change

44



Backprop lets you optimize any node (function) or edge (variable) in your
computation graph w.r.t. any scalar cost

|

/ o] How the loss changes when the functional node
O highlighted changes

O]
0

How the cost changes when the input data changes
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Optimizing parameters versus optimizing INputs

dolphin

cat

grizzly bear

angel fish

chameleon —— J
clown fish

iguana

elephant

- 00000000 «

8J - How much the total cost is increased or decreased by changing the

8 9 parameters.




Optimizing parameters versus optimizing INputs

dolphin

cat

grizzly bear
angel fish
chameleon
clown fish
iguana
elephant

- 00000000 «

83/]' - How much the “chameleon” score Is increased or decreased by

8X changing the image pixels.
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Unit visualization

Make an image that maximizes the “cat”
output neuron:

arg maxy,; + AR(x)

x=xk

[https://distill.pub/201 7 /feature-visualization/]
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Unit visualization

Make an image that maximizes the
value of neuron | on layer | of the

arg max h;, + AR(x) network:

x=xk

[https://distill.pub/201 7 /feature-visualization/]
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! Deep dream” [https://ai.googleblog.com/2015/06/inceptionism-going-deeper-into-neural.ntml]




Adversarial attacks

Input Adversarial signal

dolphin

cat

grizzly bear

angel fish

School bus — J
clown fish

iguana

ostrich

- 00000000 «

—— «— What adversarial signal r should we add to change the output label?

or

“Intriguing properties of neural networks”, Szegedy et al. 2614



Adversarial attacks
r

Y *School bus” “Ostrich”

argmax p(y = ostrich|x +r) subject to |[[r|| <e

r

“Intriguing properties of neural networks”, Szegedy et al. 214



CLIP

pepper the

aussie pup

“ -
B

3 |

[https://openai.com/blog/clip/]

y i
f

-

1. Contrastive pre-training

Text
el
Encoder
. Image
Encoder

IN'T1

IN.TZ

IN’T3

IN ’TN


https://openai.com/blog/clip/

CL' P_|_GAN Differentiable program that measures the similarity between text and images

S5
« . Text
some sentence — Encoder
To maximize
oo e this
e <€
A
Optimize this 1 €2
| mage
Encoder

*
’’’’’
'''''
-----
-----------

Code: https://colab.research.google.com/drive/1_4PQqgzM_0OKKytCzWtn-ZPi4cCaSbwK2F?usp=5Haring



CL' P_|_GAN Differentiable program that measures the similarity between text and images

€1
« . Text
A cat — Encoder
To maximize
oo this
e] €
A
Optimize this
; €2
.............. Image
.................. Encoder

Code: https://colab.research.google.com/drive/1_4PQqgzM_0OKKytCzWtn-ZPi4cCaSbwK2F?usp=5B8aring



CL' P_|_GAN Differentiable program that measures the similarity between text and images

“What is the answer to the . €1
ultimate question of life, — BT
the universe, and everything?”
To maximize
oo e this
e «€
Optimize this

. ez

Image

Encoder

Code: https://colab.research.google.com/drive/1_4PQqgzM_0KKytCzWtn-ZPi4cCa5bwK2F?usp=5haring



CL' P_|_GAN Differentiable program that measures the similarity between text and images

“What 1s the answer to the _— €1
ultimate question of life, — EnEaar
the universe, and everything?”
To maximize
' . this
® ® ® el .62 IE"
Optimize this
& <D
7 Image
Encoder

Code: https://colab.research.google.com/drive/1_4PQqgzM_0KKytCzWtn-ZPi4cCaSbwK2F?usp=5faring



Backpropagation example

node 1 W31 node 3

iINput output

tanh
Learning rate n = -0.2 (because we used positive increments)

—uclidean loss

Training data: Input desired output
node 1 node 2 node 5
1.0 0.1 0.5

=Xercise: run one iteration of back propagation



INput

Backpropagation example

node 1

O

node 3

O 02

0.17 tanh

W13=1.02

output

node 2 node 4

70O

tanh

After one iteration (rounding to two digits)
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Step by step solution



First, let’s rewrite the network using the modular block notation:

We need to compute all these terms simply so we can find the weight updates at the bottom.
61



Our goal is to perform the following two updates:

oL \"
Wt =Wo +77<3W0>

oL \*
k+1 _ wxrk
Wl _Wl n(@Wl)

where WKare the weights at some iteration k of gradient descent given by the first slide:

1 -3
Wi=(py 1) WE=( -1
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First we compute the derivative of the loss with respect to the output:

oL|_ .
8x3_ 3—Y

Now, by the chain rule, we can derive equations, working backwards, for each remaining
term we need:

oL| 9L 0xs AL

0%y Ox3 Oxo  |O0x3|

oL OL Oxo  OL Otanh(xy) |0L 9
8X1 8x2 8X1 8X2 8X1 8X2 ( tan (X1))

ending up with our two gradients needed for the weight update:
oL 0L 0x; oL

OWy  0x1 OWy ox1| T~ Notice the ordering of the two terms being multiplied

0L 0L Ox3 . L here.”Tr%e Qo;gtion hides tpe d?aills k%ut you can V\gitg
OW,  Ox3 OW;  40xa out all the Inaices 1o see that tnis Is the correct ordering

— or just check that the dimensions work out.
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The values for input vector xo and target y are also given by the first slide:
- (1.0
0= 0.1 y =05

Finally, we simply plug these values into our equations and compute the numerical updates:

Forward pass:

AN 0.7
X1 = Woo = (0.2 1 ) (0.1> - (0.3)

0.604
X9 = tanh(xy) = 0.291>

0.604
X3 — W1X2 — (1 —1) (0291> = 0.313

1
czi(g—w2zﬁm7



Sackward pass:

oL — X3 — Y = —0.1869
8X3
diagonal matrix because tanh is a
oL Ly, — 01869 (1 —1) = (—0.1869 0.1869) pointwise operation
8}(2 0X3 /
oL  OL ) 1 — tanh?(0.7) 0
.~ o, (1 tanh?(x1)) = (—0.1869 0.1869) ( ) | — tanh?(0. 3)> = (—0.1186 0.171)

0L .Y 0L (1.0) (—0.1186 0.171) = (—0.1186 o.171>

OW Ox; \0.1 —0.01186 0.0171
oL 0L  (0.604 —0.113
OW,  0xs (0.291) (~0.1186) = (—0.054>



Gradient updates:

oL

Wit =Wg +77(

T
w,)

_ ( 1 —3> 0.9 ( —0.1186  0.171

0.2 1

~(1.02 —3.0
—\017 1.0

—0.01186 0.0171

oL \"
k+1 __ k
Wi =W, _H?(@Wl)
=(1 -1)-0.2

= (1.02  —0.989

(—0.113 —0.054)
)

)
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